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The unpublished scientific papers of Joseph Liouville located in the Institut de France in 
Paris have been investigated by several scholars in recent years, and it has been pointed out 
on a number of occasions that the Paris collection is incomplete. The present article ana- 
lyzes the history of Liouville’s unpublished papers and gives an initial survey of additional 
papers discovered in Bordeaux in 1983-1984. Besides the material originating from 
Liouville, the Bordeaux collection also contains many manuscripts of Charles-Francois 
Sturm which had long been searched for and had therefore been assumed by most to have 
been lost. Furthermore, there are documents connected with the transmission and editing of 
the unpublished papers of Evariste Galois, which were also once in Liouville’s posses- 
sion. 6 1989 Academic Press, Inc. 
Les papiers scientifiques de Joseph Liouville qui se trouvent Q 1’Institut de France a Paris 
ont CtC, au tours de ces demieres an&es, l’objet de recherches de plusieurs savants qui, a 
differentes reprises, ont fait remarquer qu’ils cornportent des lacunes. Le present article 
analyse I’histoire de la succession Liouville et donne un premier apercu du materiel de- 
couvert a Bordeaux en 1983-1984. Celui-ci contient, en plus des papiers de Liouville, un 
grand nombre de manuscrits de Charles-Francois Sturm, vainement recherches depuis 
longtemps et par consequent estimes perdus. De plus on y  trouve des documents sur la 
cession et l’edition des papiers d’Evariste Galois, qui Ctaient autrefois Cgalement en posses- 
sion de Liouville. 0 1989 Academic Press, Inc. 
Der am Institut de France in Paris gelegene wissenschaftliche Nachlass von Joseph 
Liouville ist in den letzten Jahren von mehreren Gelehrten untersucht worden, wobei ver- 
schiedentlich auf dessen Unvollstandigkeit hingewiesen wurde. Der vorliegende Artikel 
analysiert die Uberlieferungsgeschichte von Liouvilles Nachlass und gibt einen ersten 
Uberblick zu den in Bordeaux in den Jahren 1983-1984 neu entdeckten weiteren Nachlass- 
teilen. Diese enthalten neben den auf Liouville beziiglichen Materialien such umfangreiche 
Teile der bereits seit langem gesuchten, bisher meist als verschollen angenommenen 
Manuskripte von Charles-Francois Sturm sowie Dokumente zur Uberlieferung und Edition 
des Nachlasses von Evariste Galois, der sich einst ebenfalls in Liouvilles Besitz befand. 
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INTRODUCTION 
Joseph Liouville (1809-1882) was one of the most well-known and influential 
mathematicians in France around the middle of the 19th century. For many years 
he stood at the center of mathematical life in Paris: he was Professor at the I?cole 
Polytechnique (1838-1851), at the College de France (1851-1882), and at the 
Sorbonne (1857-1873); he was a member of the Academic des Sciences (1839) and 
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of the Bureau des Longitudes (1840), and editor of the Journal de Mathe’matiques 
pures et applique’es, a journal he founded and published for nearly forty years. 
Modern mathematicians know his name primarily through his contributions to the 
areas of elliptic functions and transcendental numbers, the Sturm-Liouville the- 
ory, which he developed together with his friend Charles-Francois Sturm, and the 
publication of the journal named after him, in which he published, in 1846, the 
epoch-making work of Evariste Galois. 
Since the publication of an article about Liouville by R. Taton [ 19731, a number 
of mathematicians and historians of mathematics have investigated Liouville and 
his unpublished papers [Belhoste & Liitzen 1984; Edwards 1975; Ltitzen 1982- 
1984b; Peiffer 1978, 19831. However, these studies are concerned only with the 
papers which are now located in Paris and which have been known for some time. 
It therefore seems appropriate to draw attention here briefly to other unpublished 
manuscripts, discovered in Bordeaux during 1983-1984, in the course of my own 
study of Liouville [Neuenschwander 1984a,b]. These are privately owned and so 
are not as readily accessible as manuscripts in a public library. Furthermore, 
besides Liouville’s papers, the Bordeaux collection also contains some unpub- 
lished monographs of Charles-Francois Sturm (1803-1855), which had generally 
been assumed to be lost [Lutzen 1983/1984, 31 I], and documents connected with 
the transmission and editing of the papers of Evariste Galois (18 1 l- 1832), which 
were likewise once in Liouville’s possession [Liouville 1846; Tannery 19081. The 
present article briefly describes the extensive family archives in Bordeaux and 
gives details concerning the history of Liouville’s unpublished papers. A more 
detailed evaluation and partial publication of the sources will become available 
after completion of a research project on this topic funded by the Swiss Na- 
tionalfonds. 
THE TRANSMISSION OF LIOUVILLE’S LITERARY ESTATE 
According to a provision made in Liouville’s will, his literary estate and his 
library passed, after his death in 1882, into the hands of his son-in-law, the philos- 
opher and writer Celestin Le Barbier de Blignieres (1823-1905), who had married 
Liouville’s youngest daughter, Marie (1845- 1913), in 1874. As can be ascertained 
from the extensive documents preserved in Bordeaux which deal with the division 
of the estate, Liouville’s library was then valued at 6170 francs and his unpub- 
lished scientific papers at 500 francs. At that time, a concise index was drawn up, 
according to which the library contained more than 4000 volumes [ 11. 
One of the first scholars to take an interest in Liouville’s literary estate was the 
mathematician Jules Tannery (1848- 1910), who was a friend of Celestin de Bli- 
gnieres and his wife. According to the correspondence between Tannery and the de 
Blignieres, partially preserved in Bordeaux, Tannery showed an interest as early 
as 1883 in the books left by Liouville. In 1896 he approached the family with a 
request for details about Galois, in connection with a biographical study which a 
friend of his planned to carry out. Later, he asked them to make the papers of 
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Galois and, subsequently, the correspondence between Liouville and Dirichlet 
available to him, with a view to editing and publishing them. This led Marie de 
Blignieres to undertake a first examination of Liouville’s papers. She sorted out 
the desired manuscripts and bound and labeled other, loose sheets [2]. After the 
publication of Tannery’s work [1906/1907, 1908/1909], Galois’s papers were 
handed over to the Academic des Sciences, at the suggestion of Tannery [1908, 
61 l] [3]; however, at the express wish of Madame de Blignieres, the correspon- 
dence between Liouville and Dirichlet remained in the possession of the family 
(cf. Tannery’s letters to Madame de Blignieres of 7 May and 6 and 13 November 
1909). Tannery’s plans to follow these publications with further work on Sturm’s 
and Liouville’s papers (cf. Tannery’s letter of 27 March 1908) were prevented by 
his death. 
A few years later, Marie de Blignieres also died. On the division of her estate 
among her three daughters, Marguerite Drouineau-de Blignieres (1876-1935), 
Louise Schuhler-de Blignieres (1877- 1926)) and Angele Tourlet-de Blignieres 
(1879-1966), it seems that Liouville’s literary estate and his library were divided 
up as well. Thereby, the majority of Liouville’s unpublished scientific papers were 
handed over to the Institut de France by Madame Tourlet in 1924 (cf. Bibliotheque 
de 1’Institut de France, correspondance administrative, dons), where they are still 
to be found today [4]. Other parts, such as a copy of the Journal de Mathbma- 
tiques, went to the Schuhler family (cf. Archives Academic des Sciences, dos- 
sier Liouville, correspondence with Schuhler), while most of Liouville’s more 
personal papers came into the possession of the Drouineau family. Michel 
Drouineau, a great-great-grandson of the mathematician, had received the papers, 
partly from his father and partly from his aunt, after the sale of the Drouineau 
family house in La Rochelle, where the papers had been kept previously. When I 
first wrote to him in January 1983, he did not know precisely how many of the 
documents in his possession had originated from Liouville. By far the largest 
number of papers connected with Liouville was therefore discovered only in the 
summer of 1984 during my two visits to Michel Drouineau’s country seat in 
Archiac near Bordeaux, when the attic was thoroughly searched [5]. 
THE DROUINEAU FAMILY ARCHIVE 
The Drouineau family archive is quite extensive. Besides the records pertaining 
to Joseph Liouville and Charles-Francois Sturm, it contains, among other things, 
the literary estate of Liouville’s son Ernest, who died young (1834-1880); the 
papers of Liouville’s son-in-law, the writer and philosopher Celestin de Blignieres 
(1823-1905); the papers of the well-known poet and writer Pierre-Gustave 
Drouineau (1798-1878); as well as parts of the correspondence of Liouville’s wife 
and of her brother, General Joseph Balland (1820-1876). The individual papers 
were kept in several boxes, suitcases, and cupboards. They were unordered for 
the most part and in some cases were even mixed up with numerous more recent 
family documents. 
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THE PAPERS OF JOSEPH LIOUVILLE 
On the basis of the first sifting of the archives in the summer of 1984, it seems 
that the papers relating to Liouville would fill about three or four archive 
boxes. They may be divided into the manuscript categories listed below, whose 
contents may be described as follows: 
(1) Lecture notes, exercise books, and essays from Liouville’s time as a student 
at the College Saint-Louis and at the &ole Polytechnique. Among other things, 
there remain Liouville’s records of the physics and geometry teaching of J. Ba- 
binet and L.-E. Lefebure de Fourcy at the College Saint-Louis from the years 
1824-1825; parts of Liouville’s notes on Ampere’s lectures on analysis, mechan- 
ics, and mathematical physics at the Ecole Polytechnique and the College de 
France from the years 1825-1827; extracts from P.-L. Dulong’s and L.-J. 
Thenard’s physics and chemistry lectures at the Ecole Polytechnique; and around 
30 essays, mostly on historical topics, as well as other notes from Liouville’s time 
as a student at the Ecole Polytechnique. 
(2) Project drafts and work from Liouville’s time as a student at the &ole des 
Ponts et Chaussees. These include, among other things, several project studies 
from the year 1828 for the construction of main road No. 151, which Liouville 
drew up during his field practice in the Departement Indre (see [Neuenschwander 
1984b], Annexe, Dot. 3); Liouville’s Journal de Mission from the years 1829- 
1830; as well as three essays from the same years with the titles Memoire sur le 
projet d’Ecluse, Memoire sur le Projet de Port de mer, and Memoire sur le 
contours d’architecture, which in part relate to Liouville’s early studies in mathe- 
matical physics. 
(3) Notes, drafts, and manuscripts for Liouville’s first papers on mathematics 
and physics from the years 1827-1832. These papers are for the most part unpub- 
lished works which Liouville submitted to the Academy at that time: the originals 
of these are now mainly to be found in the archives of the Academic des Sciences 
(for a list of the originals see [Lutzen 1984b, 300-3011). In addition there are 
preliminary notes toward Liouville’s two great treatises on differentiation of arbi- 
trary order, which appeared in the Journal de l’&ole Polytechnique in 1832. 
Besides these, there are papers whose existence was unknown previously, or 
whose originals had not yet been found in the Academy Archives. To this cate- 
gory belong, for instance: 
-Note sur l’lnte’gration des kquations differentielles: two manuscripts and a 
summary of the contents, comprising respectively 22, 20, and 2 leaves, dated 15 
September 1827. One of the manuscripts carries the annotation, “Note. Ce me- 
moire a Cte tres bien juge par Mr Poisson. 11 regarde comme a peu pres nuls les 6 
premiers No”, et le No 18. 11 approuve le reste, surtout Particle des applications 
dans lesquelles il voudrait de plus grands details.” 
-Note sur la formule de Fourier: 2 leaves, dated 12 December 1828. 
-M&moire sur la theorie physique des phe’nomenes tlectro-dynamiques, et 
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sur la realite de l’hypothese des deux jluides electriques: 14 leaves, dated 26 
March 1829. On the title page, the names of the three Academy members who 
were to examine this work (Dulong, Ampere, and Arago) are written in pencil. It 
seems highly probable that this is the paper for which Liitzen [1984b, 161 searched 
the Academy archives without success. 
-Defense du m&moire sur les questions primordiales de la chaleur: draft 
with crossings-out, 4 leaves, dated 14 April 183 1. 
-Demonstration d’un the’oreme d’algebre arithme’tique propose’ par Mr 
Libri: 6 pages, dated 10 August 1832. In the addendum to this proof there is a 
further proof which Liouville sent to Libri on 15 September of the same year. 
(4) Drafts and manuscripts for Liouville’s later papers. Many of these have 
been published. They largely consist of loose sheets, often fastened together with 
pins, and in some cases they have become mixed up. Until now, among other 
things, manuscripts or drafts have been found pertaining to Liouville’s articles 
listed in the Catalogue of Scientific Papers as numbers 23, 46, 47, 58, 118, 177, 
181,288-290,328,349-353,359,360,363,366, and 373. In addition to these, there 
are several manuscripts which were most probably not published in their present 
form or were published only in part. The latter include, for example [6]: 
-Note sur les corps elastiques: 2 pages, dated 12 January 1839. 
-Addition a la Note sur la convergence d’une classe ge’ne’rale de series, 
inse’re’e dans le compte-rendu de l’avant derniere seance: 4 leaves, undated. The 
work contains a statement about Cauchy’s priority claims (Comptes Rendus 1840, 
11, 639-658) concerning Liouville’s earlier note of 19 October 1840 (Comptes 
Rendus 1840, 11, 615-618). The title of Liouville’s supplement is mentioned in 
Comptes Rendus (1840, 11, 678); the work itself remained unpublished. 
-[M&moire sur la stabilite’ de l’e’quilibre des mers]: draft without title page, 
30 numbered pages together with additional unnumbered sheets, which were 
partly scattered among the other papers, undated. The identification of the draft is 
confirmed by a comparison with the extract from the first paragraph of this trea- 
tise, published by Liouville in the Journal de Mathe’matiques (1855,20, 164- 184), 
and with the summary published by Lutzen [1984a, 151-1581. 
-Remarques nouvelles sur le Memoire de M. Lame’, ins&-e’ dans le compte 
rendu de la derniere seance: 2 pages, undated. The note contains a supplement to 
Lame’s work on Fermat’s Last Theorem presented to the Academic des Sciences 
on 1 March 1847 (Comptes Rendus 1847,24, 310-315). Liouville’s note probably 
remained unpublished, because at the next meeting Cauchy (Comptes Rendus 
1847, 24, 347-348) and later Kummer (see [Edwards 19751) also joined in the 
debate occasioned by Lame’s work. 
-Note sur les fonctions elliptiques: 7 leaves, undated, with further related 
drafts and notes. 
(5) Mathematical notes and excerpts from books. There remain about 30 note- 
books with mathematical notes, draft letters, etc.; over 10 collections of extracts 
from mathematical works (tied together with string); and a large number of loose 
sheets, most of which have been fastened together with a pin. Most of Liouville’s 
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book extracts were made during the years 184 l- 1842 and originate principally 
from the publications of the Petersburg and Berlin Academies and from some of 
Euler’s works. Of particular interest are Liouville’s notes on doubly periodic 
functions and the stability of fluid ellipsoids, which provide important supple- 
ments to the work of Peiffer [ 19831 and Ltitzen [1984a]. 
(6) Large parts of Liouville’s scientijk correspondence. To date, the investiga- 
tion has located around 250 letters from more than 100 different correspondents. 
Among Liouville’s more important correspondents one finds: J. Barthelemy- 
Saint-Hilaire, J.-L.-F. Bertrand, M. Chasles, A. L. Crelle, P. G. Lejeune Dirich- 
let, C. Hermite, V.-A. Lebesgue, L.-J.-A. Miquel, M. Roberts, J.-A. Serret. 
Individual letters have been found from, among others: J. L. H. Aubert, J. Ba- 
binet, P.-E.-M. Berthelot, A.-A.-H. Bommart, B. Boncompagni, A.-H. de Bon- 
nard, C. W. Borchardt, E. Bour, E.-C. Catalan, A. Cayley, G.-A. Chatin, M. 
Chevalier, R. J. E. Clausius, G.-G. Coriolis, L. Cremona, P. Daussy, J. Decaisne, 
R. Dedekind, C.-E. Delaunay, L.-V. Delisle, T. Despeyrous, C.-M. Despretz, 
L.-U. Dortet de Tessan, J.-M.-C. Duhamel, A.-L. Dulong, P.-L. Dulong, J.-B.-A. 
Dumas, L.-I. Duperrey, J.-B.-A.-L.-L. Elie de Beaumont, J.-B. Faurie, 
H.-E.-A.-A. Faye, E. Fremy, A. Genocchi, I. Geoffroy Saint-Hilaire, J.-D. 
Gergonne, J.-N. Haton de la Goupilliere, E.-A.-E. Havet, C. J. D. Hill, R. 
Hoppe, G.-J, Hoiiel, J. H. Jellett, F. Joachimsthal, A.-J. Jobert de Lam- 
balle, A.-N. Korkin, L. Kronecker, J.-A.-R. Maillard de La Gournerie, 
L.-L. Chretien-Lalanne, G. Lame, P.-A. Lebrun, P. Lentheric, U.-J.-J. Le 
Verrier, J. Michelet, C.-L.-M.-H. Navier, T.-J. Pelouze, C. Picot, G. Plana, 
S.-D. Poisson, V.-A. Puiseux, J.-C.-R. Radau, P.-F.-O. Rayer, W. Roberts, 
B.-F. Roche, C. Ruchonnet, H.-E. Sainte-Claire Deville, A.-F.-C. Prouvansal 
de Saint-Hilaire, I. Simonoff, M. Steichen, M. A. Stern, 0. Terquem, Sir W. 
Thomson, F.-F. Tisserand, P.-F. Tissot, H.-E. Tresca, L.-V. Turquan, A.-J.-F. 
Yvon Villarceau, P.-L. Wantzel [7]. 
(7) Extensive parts of Liouville’s family letters and his private and political 
correspondence. Especially noteworthy are Liouville’s exchanges of letters with 
his father and with his wife during the years 1825-1857. Liouville’s almost 200 
letters provide extensive documentation of his personal and scientific develop- 
ment as well as numerous descriptions of the political and cultural life of France at 
the time. 
(8) Other documents, certijkates, and offprints. There are, for instance, diplo- 
mas connected with Liouville’s election to the Legion of Honour and to various 
scientific societies, some decorations and medals, Liouville’s marriage contract 
with Marie Louise Balland, an inventory of his household effects and his library at 
the time of his death, papers concerned with the liquidation and division of the 
estate of Joseph Liouville and the estates of various other members of the family, 
offprints of scientific papers, and political leaflets. 
The records in Bordeaux originating from other family members give further 
details about the life and the scientific development of Liouville. For instance, 
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letters sent to Mrs. Liouville from scientists who were friends of the family are 
highly informative about Liouville’s connections with other scholars. Supplemen- 
tary information is available from the extensive correspondence of his son Ernest, 
from whom there also remain numerous poems and a few scientific manuscripts, 
which are partly mixed with related papers of his father’s [S]. Also of interest are the 
notebooks of Liouville’s son-in-law, Celestin de Blignieres, the correspondence 
between Celestin and his wife, Marie, and the exchange of letters already referred 
to between Tannery and the de Blignieres, to mention but a small part of the great 
amount of material to be found in Bordeaux. 
THE PAPERS OF CHARLES-FRANCOIS STURM 
Before concluding, I should like to discuss in somewhat greater detail the 
extremely interesting papers of Charles-Francois Sturm (1803-1855), which were 
previously thought to be lost. Some of these were also located among Liouville’s 
papers in Bordeaux. Liouville was a friend of Sturm and, after Sturm’s death, he 
intended to publish Sturm’s treatises Me’moire SW la distribution de la chaleur 
duns un assemblage de vases and Memoire sur les lignes du second ordre in his 
Journal de Mathe’matiques. This is probably why some of Sturm’s unpublished 
papers may be found among those of Liouville. More detailed information about 
this and about the extent of Sturm’s unpublished papers is given by Prouhet [1857, 
VIII, XVI], who edited Sturm’s Cours d’analyse in the years 1857-1859 and at the 
same time gave a complete listing of his known works. The papers of Sturm now 
in Bordeaux contain, among other things, notes for the treatise M&moire sur la 
distribution de la chaleur dans un assemblage de vases, which was submitted to 
the Academy on 3 August 1829, and for the treatise Memoire sur une chzsse 
d’tquations d differences partielles, which was published in the Journal de 
Mathe’matiques (1836, 1, 373-444). The former treatise, which has never been 
published, is the one that B&her [1912, 41 attempted to reconstruct and believed 
to have provided the groundwork for Sturm’s epoch-making discoveries. In Bor- 
deaux, not only notes for that treatise are to be found, but also several manu- 
scripts of it. In a preliminary search through Liouville’s papers, I found more or 
less completely worked out manuscripts and drafts for the following largely un- 
published papers of Sturm: 
--M&moire sur Zes Zignes du second ordre: three notebooks comprising re- 
spectively 32, 26, and 12 leaves, undated. Of the 22 paragraphs of this work, only 
the first 10 have previously appeared, in Annales de Mathe’matiques pures et 
applique’es (1825/1826, 16, 265-293; 1826/1827, 17, 173-198). 
-Annonce [Extrait] d’un M&moire de M. Sturm, 1 er Juin 1829: 2 leaves. The 
extract in question appeared in Bulletin des Sciences Mathe’matiques, Physiques 
et Chimiques (1829, 11, 422-425). 
-Note p&sent&e 6 l’Acade’mie, 8 Juin 1829: 6 leaves. The summary which 
precedes the note appeared in Bulletin des Sciences Mathe’matiques, Physiques et 
Chimiques (1829, 11, 425), but the note itself remained unpublished. 
-Note extraite d’un m&moire qui a e’te’ pre’sente’ d I’Acade’mie par Ch. 
Sturm, Se’ance du 27 Juillet 1829: 2 leaves. A longer and somewhat different 
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extract from this work appeared in Bulletin des Sciences Mathe’matiques, Phy- 
siques et Chimiques (1829, l2, 313-322). 
-Me’moire sur l’inte’gration d’un systkme d’iquations difft+entielles line’- 
aires, Se’ance du 3 aofit 1829: 27 leaves. 
-M&moire sur la distribution de la chaleur darts un assemblage de vases, [3 
aotit 18291: 63 pages. Of this work, there exists in Bordeaux a second, extended 
draft in Sturm’s handwriting, and also a copy of the first six paragraphs in 
Liouville’s handwriting. 
--[Note de M. Sturm, relative au M&moire de M. Libri ins& dans le pr&- 
dent Compte rendu]: untitled draft, 2 leaves, undated. The article in question 
appeared in Comptes Rendus (1839, 8, 788). 
Within the framework of the Swiss Nationalfonds research project mentioned 
above, it is also planned to publish some of Sturm’s papers. 
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NOTES 
[l] Cklestin de Bligni&res speaks of about 6000 volumes in his notebooks [Lettres 1882-1886, 221. 
[2] See [Tannery 1906/1907, 226; 1908, 611; 1908/1909, Vol. 32, p. 47, Vol. 33, p. 611. Further 
evidence of this is provided by the brief comments and descriptions attached by Madame de Blignibres 
to the individual groups of manuscripts. One such label, for example, reads: “feuillets dtpareilles 
trouvCs ensemble dans le mCme paquet / 25 mai 06 / M de B”. 
[3] Afterward, the Academy handed the papers over to the Bibliothkque de I’lnstitut 
[Tannery 1908, 674-6761, where they are still kept today, under the number MS. 2108. 
de France 
[4] Liouville’s scientific papers, which are now at the Library of the Institut de France in Paris, 
consist of 340 notebooks of varying sizes. They are kept in 26 archive boxes, under the numbers MSS. 
3615-3640. 
[5] As Mr. Drouineau’s country seat is very spacious, it is quite possible that a later search will 
locate yet more papers in one of his many rooms. Mr. Drouineau himself, however, is of the opinion 
that all or at least the greatest part of the papers have now been found. 
[6] There are, of course, far greater difficulties associated with such a listing of unpublished manu- 
scripts than with the identification of the published drafts. Liouville naturally rearranged individual 
sections of his works from time to time: indeed there is an instance in which he changed the title of a 
paper, as shown by a preliminary draft found for the work Sur des classes t&&endues de quantith 
dont la valeur n’est ni rationelle ni m&me rkductible d des irrationnelles alge’briques, which appeared 
in Comptes Rendus (1844, 18, 883-885). The present lack of a complete list of the more than 400 
articles published by Liouville makes the situation even more difficult: the paper just cited, for 
instance, does not appear in the Catalogue of Scientljk Papers. 1 have therefore limited myself, in the 
following, to the listing of a few selected examples from this category which seemed to me particularly 
interesting or characteristic. 
[7] After the completion of our research project, we plan to publish a 
Liouville’s scientific correspondence in the publications announced above. 
complete, detailed list of 
[S] Along with Ernest’s notes on Liouville’s series of lectures at the Coll*ge de France in the winter 
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semester of 1853-1854, one finds Liouville’s own notes for these lectures, as well as numerous sheets 
which apparently stem from mathematical instruction given to the son by the father, and from their 
later collaborative work in mathematics. 
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